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Abstract
In this paper, we give a necessary and sufficient condition that a locally biholomorphic mapping f
on the unit ball B in a complex Hilbert space X is a biholomorphic convex mapping, which improves
some results of Hamada and Kohr and solves the problem which is posed by Graham and Kohr. From
this, we derive some sufficient conditions for biholomorphic convex mapping. We also introduce a
linear operator in purpose to construct some concrete examples of biholomorphic convex mappings
on B in Hilbert spaces. Moreover, we give some examples of biholomorphic convex mappings on B
in Hilbert spaces.
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Suppose that X is a complex Hilbert space with inner product 〈·,·〉 and norm ‖ · ‖ =√〈·,·〉, and G is a domain in X. A mapping f :G → X is said to be holomorphic on G, if
for any z ∈ G, there exists a linear operator Df (z) :X → X such that
lim
h→0
‖f (z + h)− f (z)−Df (z)h‖
‖h‖ = 0.
The linear operator Df (z) is called the Fréchet derivative of f at z ∈ G.
If f is holomorphic on G, then for every k = 1,2, . . . , and every z0 ∈ G, there is a
bounded symmetric k-linear operator Dkf (z0) :X ×X × · · · ×X → X such that
f (z) =
+∞∑
k=0
1
k!D
kf (z0)
(
(z − z0)k
)
for all z in some neighborhood of z0, where D0f (z0)((z − z0)0) = f (z0) and
Dkf (z0)
(
(z − z0)k
)= Dkf (z0)(z − z0, z− z0, . . . , z − z0)
for k  1.
A mapping f :G → X is said to be biholomorphic on G if f is holomorphic on G,
f (G) is a domain, and the inverse f−1 exists and is holomorphic on f (G). A mapping
f :G → X is said to be locally biholomorphic on G, if for any z ∈ G, there exists a neigh-
borhood U of z such that f |U is biholomorphic on U . Then f is locally biholomorphic on
G if and only if its Fréchet derivative Df (z) has a bounded inverse at each z ∈ G.
The unit ball in X is B = {z ∈ X: ‖z‖ < 1}. Let m be a positive integer. Suppose that
the set Nm(B) denotes the class of all locally biholomorphic mappings f :B → X such
that
f (z) = z+
+∞∑
k=m+1
1
k!D
kf (0)
(
zk
)
for all z ∈ B . A biholomorphic mapping f :B → X is said biholomorphic starlike mapping
if tf (B) ⊂ f (B) for 0 t  1 with f (0) = 0. A biholomorphic mapping f :B → X is said
biholomorphic convex mapping if
(1 − t)f (z1)+ tf (z2) ∈ f (B)
for all z1, z2 ∈ B and 0  t  1. The class of all biholomorphic convex mappings on B
with f (0) = 0, Df (0) = I is denoted by K(B), where I is the identity operator in X. Let
Km(B) = K(B)∩Nm(B).
Gong [1], Gong et al. [3], Kikuchi [8] obtained a necessary and sufficient condition that
a locally biholomorphic mapping was a biholomorphic convex mapping in Cn. Hamada
and Kohr [6,7] extended it to Hilbert space X in the following.
Theorem A. (i) If f :B → X is a biholomorphic convex mapping, then
‖x‖2 − Re〈Df (z)−1D2f (z)(x, x), z〉 0
for z ∈ B \ {0}, x ∈ X with Re〈x, z〉 = 0.
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0 < r < 1, there exists a constant Mr > 0 such that∥∥Df (x)−1(f (x)− f (y))∥∥Mr
for x, y ∈ Br , where Br = {z ∈ X: ‖z‖ < r}, and
‖x‖2 − Re〈Df (z)−1D2f (z)(x, x), z〉> 0
for z ∈ B \ {0}, x ∈ X \ {0} with Re〈x, z〉 = 0. Then f (Br) is a convex domain for any r
with 0 < r < 1.
In [6,7], Hamada and Kohr obtained that f (Br) was a convex domain for any r with 0 <
r < 1. But they did not prove that f was a biholomorphic mapping on B in Theorem A(ii).
Some characterizations of convexity for set in Cn are given in [9].
Graham and Kohr gave the following modification of Theorem A (see [4, Theo-
rem 6.3.8]).
Theorem B. (i) If f :B → X is a biholomorphic convex mapping, then
‖x‖2 − Re〈Df (z)−1D2f (z)(x, x), z〉> 0
for z ∈ B , x ∈ X \ {0} with Re〈x, z〉 = 0.
(ii) Let f :B → X be a biholomorphic mapping. Assume that, for any r with 0 < r < 1,
there exists a constant Mr > 0 such that∥∥Df (x)−1(f (x)− f (y))∥∥Mr (1.1)
for x, y ∈ Br , where Br = {z ∈ X: ‖z‖ < r}, and
‖x‖2 − Re〈Df (z)−1D2f (z)(x, x), z〉> 0
for z ∈ B \ {0}, x ∈ X \ {0} with Re〈x, z〉 = 0. Then f is a biholomorphic convex mapping
on B .
In [4], Graham and Kohr posed a problem whether the assumption (1.1) and the as-
sumption that f be biholomorphic are essential in Theorem B(ii).
In this paper, we give a necessary and sufficient condition and some sufficient condi-
tions that a locally biholomorphic mapping f on B is a biholomorphic convex mapping,
which gives the answer to the above problem of Graham and Kohr that the assumption
(1.1) and the assumption that f be biholomorphic are not essential. We also introduce a
linear operator in purpose to construct some concrete examples of biholomorphic convex
mappings on B in Hilbert spaces. From these, we give some examples of biholomorphic
convex mappings on B in Hilbert spaces.
2. Main results
Theorem 1. Let f :B → X be a locally biholomorphic mapping. Then f is a biholomor-
phic convex mapping on B if and only if
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for z ∈ B \ {0} and x ∈ X \ {0} with Re〈x, z〉 = 0.
In order to derive our main results, we need the following lemmas.
Lemma 1. [5,17] Let f :B → X be a locally biholomorphic mapping with f (0) = 0. Then
f is a biholomorphic starlike mapping on B if and only if
Re
〈
Df (z)−1f (z), z
〉
> 0
for z ∈ B \ {0}.
Lemma 2. Suppose that h :B → X is a holomorphic mapping with h(0) = 0. If there
exists z0 ∈ B \ {0} such that h(z0) = 0, Re〈h(z0), z0〉 = 0 and Re〈h(z), z〉 > 0 for 0 <
‖z‖ < ‖z0‖, then
Re
〈
Dh(z0)h(z0), z0
〉+ ∥∥h(z0)∥∥2 = 0.
Proof. Let ‖z0‖ = r and
γ (t) =
√
1 − t2z0 + tr h(z0)‖h(z0)‖ , −1 < t < 1.
Then we have γ (0) = z0, γ ′(0) = r h(z0)‖h(z0)‖ and∥∥γ (t)∥∥2 = (1 − t2)r2 + t2r2 = r2.
Setting α(t) = Re〈h(γ (t)), γ (t)〉 for −1 < t < 1, we obtain α(t)  0 = α(0) for −1 <
t < 1. Hence α(0) = min{α(t): −1 < t < 1}. Therefore we obtain
0 = α′(0) = Re〈Dh(z0)γ ′(0), γ (0)〉+ Re〈h(γ (0)), γ ′(0)〉
= r‖h(z0)‖
[
Re
〈
Dh(z0)h(z0), z0
〉+ Re〈h(z0), h(z0)〉].
It implies that Re〈Dh(z0)h(z0), z0〉 + ‖h(z0)‖2 = 0. This completes the proof. 
Proof of Theorem 1. By Theorem B(i) (also see [7, Remark 2.3]), we only need to prove
that the condition (2.1) is sufficient for convexity.
Claim 1. The mapping g(z) = f (z)− f (0) is a biholomorphic starlike mapping on B .
If not, then by Lemma 1, there exists a point z0 ∈ B \ {0} such that
Re
〈
Dg(z0)
−1g(z0), z0
〉= 0, Re〈Dg(z)−1g(z), z〉> 0 for 0 < ‖z‖ < ‖z0‖.
Setting ϕ(z) = g(‖z0‖z), we have ϕ(0) = 0, Dϕ(0) = ‖z0‖Dg(0) and
Re
〈
Dϕ(z)−1ϕ(z), z
〉= 1‖z0‖2 Re
〈
Dg
(‖z0‖z)−1g(‖z0‖z),‖z0‖z〉> 0
for z ∈ B \ {0}. By Lemma 1, we obtain that ϕ is a biholomorphic starlike mapping on B .
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(see [1,10,19]), we have∥∥∥∥ 1‖z0‖Dg(0)−1g
(‖z0‖z)
∥∥∥∥ ‖z‖(1 + ‖z‖)2
for z ∈ B . If we let z = tz0‖z0‖ for 0 < t < 1, then we have∥∥Dg(0)−1g(tz0)∥∥ t‖z0‖
(1 + t)2 , 0 < t < 1.
Letting t → 1−, we obtain ‖Dg(0)−1g(z0)‖ 14‖z0‖ > 0. It implies g(z0) = 0.
Set h(z) = Dg(z)−1g(z). Then h is a holomorphic mapping on B such that
h(z0) = Dg(z0)−1g(z0) = 0, Re
〈
h(z0), z0
〉= 0, and
Re
〈
h(z), z
〉
> 0 for 0 < ‖z‖ < ‖z0‖.
According to Lemma 2, we obtain
Re
〈
Dh(z0)h(z0), z0
〉= −∥∥h(z0)∥∥2. (2.2)
Note that Df (z)h(z) = f (z)− f (0), we have
D2f (z)
(
h(z),h(z)
)+Df (z)Dh(z)h(z) = Df (z)h(z)
for z ∈ B . It follows that
Dh(z)h(z) = h(z)−Df (z)−1D2f (z)(h(z),h(z))
for z ∈ B . Hence we have
Re
〈
Dh(z0)h(z0), z0
〉= Re〈h(z0), z0〉− Re〈Df (z0)−1D2f (z0)(h(z0), h(z0)), z0〉
= −Re〈Df (z0)−1D2f (z0)(h(z0), h(z0)), z0〉.
From (2.2), we obtain∥∥h(z0)∥∥2 − Re〈Df (z0)−1D2f (z0)(h(z0), h(z0)), z0〉= 0.
This contradicts (2.1) for x = h(z0) = 0. Hence Claim 1 holds.
Claim 2. f (Br) is a convex domain in X for any r with 0 < r < 1, where Br = {z ∈ X:
‖z‖ < r}.
Let Ωr = f (Br). Now we prove that Ωr is a convex domain. For this purpose, we let
S = {(P,Q) ∈ Ωr ×Ωr : L([0,1],P ,Q)⊂ Ωr},
where L(t,P,Q) = (1 − t)P + tQ (t ∈ [0,1]) denotes the segment between P and Q. It
is obvious that the set S is non-empty in Ωr ×Ωr because f is a biholomorphic mapping
on B from Claim 1.
First, we prove that S is a open set in Ωr ×Ωr .
For every (P,Q) ∈ S, we have L([0,1],P ,Q) ⊂ Ωr . Let
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= inf{‖x − y‖: x ∈ L([0,1],P ,Q), y ∈ X \Ωr}.
Since L([0,1],P ,Q) and X \ Ωr are two closed sets in X, and L([0,1],P ,Q) is a
bounded sequentially compact set in X, then we have d > 0. Setting
U = {P˜ ∈ X: ‖P˜ − P ‖ < d/2} and V = {Q˜ ∈ X: ‖Q˜−Q‖ < d/2},
we obtain that U,V are open in Ωr and∥∥L(t, P˜ , Q˜)−L(t,P,Q)∥∥ (1 − t)‖P˜ − P ‖ + t‖Q˜−Q‖ d/2
for all 0 t  1, P˜ ∈ U , Q˜ ∈ V . So U ×V is open in Ωr ×Ωr . For every y ∈ X \Ωr , we
have ∥∥L(t, P˜ , Q˜)− y∥∥ ∥∥L(t,P,Q)− y∥∥− ∥∥L(t,P,Q)−L(t, P˜ , Q˜)∥∥
 d − d/2 = d/2
for all 0  t  1, P˜ ∈ U , Q˜ ∈ V . It implies L([0,1], P˜ , Q˜) ⊂ Ωr for all P˜ ∈ U , Q˜ ∈ V .
Hence U × V ⊂ S. This implies that S is a open set in Ωr ×Ωr .
Next, we shall prove that S is closed in Ωr ×Ωr .
Taking (P,Q) ∈ S′ ∩ (Ωr × Ωr), where S′ is denoted the closure of S, we obtain that
P,Q ∈ Ωr and there are Pn, Qn ∈ Ωr such that
Pn → P, Qn → Q (n → +∞), L
([0,1],Pn,Qn)⊂ Ωr (n = 1,2, . . .).
If P = Q ∈ Ωr , it is obvious that L([0,1],P ,Q) ⊂ Ωr . If P = Q, using the fact that
(1 − t)Pn + tQn ∈ Ωr for 0 t  1, n = 1,2, . . . , and
(1 − t)Pn + tQn → (1 − t)P + tQ (n → +∞)
for 0 t  1, then we have (1 − t)P + tQ ∈ Ω¯r for 0 t  1. Let
v(t) = f−1((1 − t)P + tQ) and ψ(t) = ∥∥v(t)∥∥2 = 〈v(t), v(t)〉
for 0 t  1. A simple computation yields v′(t) = Df (v(t))−1(Q− P) = 0 and
ψ ′(t) = 2 Re〈v′(t), v(t)〉, (2.3)
ψ ′′(t) = 2[Re〈v′′(t), v(t)〉+ ∥∥v′(t)∥∥2]
= 2[∥∥v′(t)∥∥2 − Re〈Df (v(t))−1D2f (v(t))(v′(t), v′(t)), v(t)〉]. (2.4)
If there exists t0 ∈ (0,1) such that ψ ′(t0) = 0, then from (2.1), (2.3), and (2.4), we obtain
ψ ′′(t0) > 0 for v(t0) = 0. Hence we have
max
0t1
ψ(t) = max{ψ(0),ψ(1)}= max{∥∥f−1(P )∥∥2,∥∥f−1(Q)∥∥2}< r2.
So v(t) ∈ Br for 0 t  1, therefore, L([0,1],P ,Q) ⊂ Ωr . It follows (P,Q) ∈ S. Hence
S is a closed set in Ωr ×Ωr .
Since Ωr = f (Br) is connected, then Ωr × Ωr is also connected. As S is both open
and closed in Ωr ×Ωr , we conclude that S = Ωr ×Ωr . By the definition of S, we obtain
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convex mapping on B from the definition of biholomorphic convex mapping, and the proof
is complete. 
Remark 1. It is obvious that Theorem 1 improves Theorem A(ii) of Hamada and Kohr [6]
mentioned in Section 1. And our proof is different from theirs. From this, we give the an-
swer to the problem of Graham and Kohr mentioned in Section 1 that the assumption (1.1)
and the assumption that f be biholomorphic are not essential in Theorem B(ii). Setting
X = Cn in Theorem 1, we also obtain Theorem 2 in [3].
Corollary 1. Suppose that f :B → X is a locally biholomorphic mapping. If f satisfies∥∥Df (z)−1D2f (z)(x, x)∥∥ 1
for z ∈ B \{0} and x ∈ X with ‖x‖ = 1 and Re〈x, z〉 = 0, then f is a biholomorphic convex
mapping on B .
Remark 2. Hamada and Kohr [7] proved that f (B) was a convex set in X under the
assumptions of Corollary 1, but they did not prove that f was a biholomorphic mapping
on B .
Corollary 2. Suppose that f :B → X is a locally biholomorphic mapping with ‖Df (z)−I‖
 c < 1 for each z ∈ B , where I is the identity operator in X. If f satisfies∥∥D2f (z)(x, x)∥∥ 1 − c
for all x ∈ X with ‖x‖ = 1 and z ∈ B \ {0} such that Re〈x, z〉 = 0, then f is a biholomor-
phic convex mapping on B .
Proof. Since ‖Df (z) − I‖ c < 1 for any z ∈ B , then we obtain that Df (z) = I − (I −
Df (z)) is an invertible linear operator (see [18, p. 192]), and∥∥Df (z)−1∥∥ 1
1 − ‖I −Df (z)‖ 
1
1 − c
for all z ∈ B .
According to the hypothesis of Corollary 2, for any x ∈ X with ‖x‖ = 1 and z ∈ B \ {0}
such that Re〈x, z〉 = 0, we have
∥∥Df (z)−1D2f (z)(x, x)∥∥ ∥∥Df (z)−1∥∥∥∥D2f (z)(x, x)∥∥ 1
1 − c · (1 − c) = 1.
By Corollary 1, we obtain that f is a biholomorphic convex mapping on B . This com-
pletes the proof. 
Remark 3. It is not easy to construct concrete biholomorphic convex mappings on B in a
Hilbert space X. Until a few years ago, we only know a few concrete examples about the
biholomorphic convex mappings on B in Hilbert spaces. Roper and Suffridge [15] proved
that:
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Δ = {z ∈ C: |z| < 1} into C with f (0) = 0, f ′(0) = 1, and
F(z) = f (〈z,u〉)u+√f ′(〈z,u〉)(z − 〈z,u〉u),
then F ∈ K(B).
From this, we may construct a lot of concrete examples about the biholomorphic convex
mappings on B . Gong and Liu [2] generalized Roper–Suffridge operator from Cn to the
finite-dimensional Banach space. Recently, we generalized Roper–Suffridge operator to
Banach spaces in [13,21].
Now we introduce a linear operator in purpose to construct some other concrete exam-
ples about the biholomorphic convex mappings on B in a Hilbert space X.
Let Δ = {z ∈ C: |z| < 1}, and
H(Δ) = {f : Δ → C are analytic in Δ with f (0) = 0, f ′(0) = 1},
then
f ∈ K ⇔ f ∈ H(Δ) and Re
{
1 + zf
′′(z)
f ′(z)
}
> 0 for all z ∈ Δ.
Let
SK(B) = {f ∈ N1(B): ∥∥Df (z)−1D2f (z)(·,·)∥∥ 1 for all z ∈ B}.
From Corollary 1, we have SK(B) ⊂ K(B), SK(Δ) ⊂ K and
SK(Δ) =
{
f ∈ H(Δ):
∣∣∣∣f ′′(z)f ′(z)
∣∣∣∣ 1 for all z ∈ Δ
}
.
Let m be a positive integer and dimX  m  2. Then there exist u1, u2, . . . , um ∈ X
with ‖uj‖ = 1 (j = 1,2, . . . ,m) such that 〈uj ,uk〉 = 0 (j = k). For g1, g2, . . . , gm ∈
H(Δ), we define the operator Φ as
Φu1,u2,...,um(g1, g2, . . . , gm)(z) = z −
m∑
j=1
〈z,uj 〉uj +
m∑
j=1
gj
(〈z,uj 〉)uj (2.5)
for z ∈ B .
Theorem 2. Suppose that Φu1,u2,...,um(g1, g2, . . . , gm) is defined by (2.5), where g1, g2, . . . ,
gm ∈ H(Δ) are locally univalent functions on Δ.
(1) Φu1,u2,...,um(g1, g2, . . . , gm) ∈ K(B) implies g1, g2, . . . , gm ∈ K .
(2) If h(ξ) = ξ1−ξ , then h ∈ K , but Φu1,u2,...,um(h,h, . . . , h) /∈ K(B).(3) Φu1,u2,...,um(g1, g2, . . . , gm) ∈ SK(B) if and only if g1, g2, . . . , gm ∈ SK(Δ).
Proof. Let f (z) = Φu1,u2,...,um(g1, g2, . . . , gm)(z), where g1, g2, . . . , gm ∈ H(Δ) are lo-
cally univalent functions on Δ. By some straightforward computations, we obtain
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m∑
j=1
〈·, uj 〉uj +
m∑
j=1
g′j
(〈z,uj 〉)〈·, uj 〉uj ,
Df (z)−1 = I −
m∑
j=1
(
1 − 1
g′j (〈z,uj 〉)
)
〈·, uj 〉uj ,
D2f (z)(x, x) =
m∑
j=1
g′′j
(〈z,uj 〉)[〈x,uj 〉]2uj
for z ∈ B and x ∈ X. Hence we have
Df (z)−1D2f (z)(x, x) =
m∑
j=1
g′′j (〈z,uj 〉)
g′j (〈z,uj 〉)
[〈x,uj 〉]2uj . (2.6)
(1) Assume that f = Φu1,u2,...,um(g1, g2, . . . , gm) ∈ K(B), for every ξ ∈ Δ \ {0} and k
fixed, we let z = ξuk and x = iξuk , then Re〈x, z〉 = Re{i|ξ |2} = 0 and z ∈ B \ {0}. Note
that 〈uj ,uk〉 = 0 (j = k), from (2.6), we obtain
‖x‖2 − Re〈Df (z)−1D2f (z)(x, x), z〉= |ξ |2 + |ξ |2 Re{ξg′′k (ξ)
g′k(ξ)
}
= |ξ |2 Re
{
1 + ξg
′′
k (ξ)
g′k(ξ)
}
> 0
for ξ ∈ Δ \ {0}. This implies gk ∈ K for k = 1,2, . . . ,m.
(2) By a simple computation, we have
Re
{
1 + ξh
′′(ξ)
h′(ξ)
}
= Re
{
1 + ξ
1 − ξ
}
= 1 − |ξ |
2
|1 − ξ |2 > 0
for all ξ ∈ Δ. It follows h ∈ K .
Let
√
2
2 < a < 1,
1√
2a
< r < 1,
z = ru1 + a
√
1 − r2u2 and x = a
√
1 − r2u1 − ru2.
Then we have ‖x‖2 = a2(1 − r2)+ r2 > 0, Re〈x, z〉 = 0 and
0 < ‖z‖2 = r2 + a2(1 − r2)< 1.
Note that 〈x,uj 〉 = 0 (j  3), from (2.6), we obtain
‖x‖2 − Re〈DF(z)−1D2F(z)(x, x), z〉
= ‖x‖2 − Re
{
2〈z,u1〉
1 − 〈z,u1〉
[〈x,u1〉]2〈u1, z〉 + 2〈z,u2〉1 − 〈z,u2〉
[〈x,u2〉]2〈u2, z〉
}
= a2(1 − r2)+ r2 − { 2r2
1 − r a
2(1 − r2)+ 2a2(1 − r2)
1 − a√1 − r2 r
2
}
< 1 − 2r2a2 < 0,
where F = Φu1,u2,...,m(h,h, . . . , h). By Theorem 1, we have F /∈ K(B).
(3) Assume that g1, g2, . . . , gm ∈ SK(Δ),f = Φu1,u2,...,um(g1, g2, . . . , gm), from (2.6),
we obtain
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∥∥∥∥∥
m∑
j=1
g′′j (〈z,uj 〉)
g′j (〈z,uj 〉)
[〈x,uj 〉]2uj
∥∥∥∥∥

m∑
j=1
∣∣∣∣g
′′
j (〈z,uj 〉)
g′j (〈z,uj 〉)
∣∣∣∣∣∣〈x,uj 〉∣∣2 
m∑
j=1
∣∣〈x,uj 〉∣∣2 (2.7)
for z ∈ B and x ∈ X.
Fix x ∈ X, let x0 =∑mj=1〈x,uj 〉uj , a simple computation yields
〈x − x0, uj 〉 = 〈x,uj 〉 −
m∑
k=1
〈x,uk〉〈uk,uj 〉 = 〈x,uj 〉 − 〈x,uj 〉 = 0,
for j = 1,2, . . . ,m. This leads to 〈x − x0, x0〉 = 0. Hence we conclude that
‖x‖2 = ∥∥(x − x0)+ x0∥∥2 = ‖x − x0‖2 + ‖x0‖2 = ‖x − x0‖2 + m∑
j=1
∣∣〈x,uj 〉∣∣2

m∑
j=1
∣∣〈x,uj 〉∣∣2. (2.8)
From (2.7) and (2.8), we obtain
∥∥Df (z)−1D2f (z)(x, x)∥∥ m∑
j=1
∣∣〈x,uj 〉∣∣2  ‖x‖2  1
for all z ∈ B and x ∈ X with ‖x‖ = 1. Since X is a Hilbert space, by the result in [18, see
p. 342], we have∥∥Df (z)−1D2f (z)(·,·)∥∥= sup
‖x‖=1,‖y‖=1
∥∥Df (z)−1D2f (z)(x, y)∥∥
= sup
‖x‖=1
∥∥Df (z)−1D2f (z)(x, x)∥∥ 1.
It follows that f ∈ SK(B).
Conversely, suppose that f = Φu1,u2,...,um(g1, g2, . . . , gm) ∈ SK(B). For every ξ ∈ Δ
and k fixed (1 k m), we let z = ξuk and x = uk , then we have z ∈ B, 〈z,uk〉 = ξ and
‖x‖ = 1. Note that 〈uj ,uk〉 = 0 (j = k) and ‖uk‖ = 1, from (2.6), we obtain∣∣∣∣g′′k (ξ)g′k(ξ)
∣∣∣∣= ∥∥Df (z)−1D2f (z)(x, x)∥∥ ∥∥Df (z)−1D2f (z)(·,·)∥∥‖x‖2  1
for ξ ∈ Δ. That is, gk ∈ SK(Δ) for k = 1,2, . . . ,m, and the proof is complete. 
Remark 4. Let X = Cn. If we choose u1 = (1,0, . . . ,0), u2 = (0,1, . . . ,0), . . . , un =
(0,0, . . . ,1) ∈ Cn, then we have z = ∑nj=1〈z,uj 〉uj for z ∈ Cn. From Theorem 2, we
have the following corollary, which is Theorems 3 and 4 in [20] for case p = 2. Part (2)
was obtained by Roper and Suffridge [15,16] using a different method.
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The functions g1, g2, . . . , gn ∈ H(Δ) are locally univalent functions on Δ.
(1) f (z) = (g1(z1), g2(z2), . . . , gn(zn)) ∈ K(B) implies g1, g2, . . . , gn ∈ K .
(2) The mapping g(z) = ( z11−z1 ,
z2
1−z2 , . . . ,
zn
1−zn ) /∈ K(B).(3) f (z) = (g1(z1), g2(z2), . . . , gn(zn)) ∈ SK(B) if and only if g1, g2, . . . , gn ∈ SK(Δ).
Example 1. Let dimX m 2 and λj ∈ C with λj = 0 (j = 1,2, . . . ,m), then
f (z) = z−
m∑
j=1
〈z,uj 〉uj +
m∑
j=1
eλj 〈z,uj 〉 − 1
λj
uj ∈ K(B)
⇔ |λj | 1 (j = 1,2, . . . ,m),
where uj ∈ X with ‖uj‖ = 1 such that 〈uj ,uk〉 = 0 (j, k = 1,2, . . . ,m, j = k).
Proof. If |λj |  1 (j = 1,2, . . . ,m), setting gj (ξ) = e
λj ξ−1
λj
, then we have that gj is
analytic on Δ with gj (0) = 0, g′j (0) = 1 such that g′′j (ξ)/g′j (ξ) = λj for ξ ∈ Δ (j =
1,2, . . . ,m). Hence gj ∈ SK(Δ). From Theorem 2, we obtain f ∈ SK(B) ⊂ K(B).
Conversely, we shall prove that |λj | 1 for all j = 1,2, . . . ,m when f is a biholomor-
phic convex mapping on B .
If not, then there exists k such that |λk| > 1. Let 1|λk | < r < 1, θ = argλk , z0 = −re−iθ uk
and x = ie−iθ uk , then ‖x‖ = 1, Re〈x, z0〉 = Re{−ir} = 0. Using the fact that 〈uj ,uk〉 = 0
(j = k), from (2.6), we obtain
Df (z0)
−1D2f (z0)(x, x) =
m∑
j=1
g′′j (〈z0, uj 〉)
g′j (〈z0, uj 〉)
[〈x,uj 〉]2uj
= λk
[〈x,uk〉]2uk = −|λk|e−iθ uk.
Hence we have
‖x‖2 − Re〈Df (z0)−1D2f (z0)(x, x), z0〉= 1 − r|λk| < 0,
which contradicts (2.1). This completes the proof. 
Theorem 3. Let f :B → X be a holomorphic mapping with
f (z) = z+
+∞∑
k=2
1
k!D
kf (0)
(
zk
)
.
If f satisfies ∑+∞k=2 k2‖Dkf (0)‖k!  1, then f ∈ K(B).
Proof. By straightforward calculating the Fréchet derivatives of f (z), we obtain
Df (z) = I +
+∞∑ k
k!D
kf (0)
(
zk−1, ·),k=2
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+∞∑
k=2
k(k − 1)
k! D
kf (0)
(
zk−2, x2
)
and
∥∥Df (z)− I∥∥ +∞∑
k=2
k‖Dkf (0)‖
k! 
1
2
+∞∑
k=2
k2‖Dkf (0)‖
k! < 1
for z ∈ B, x ∈ X. Hence we obtain that Df (z) = I − (I − Df (z)) is an invertible linear
operator (see [18, p. 192]), and
∥∥D2f (z)(x, x)∥∥ +∞∑
k=2
(k2 − k)‖Dkf (0)‖
k! ‖z‖
k−2  1 −
+∞∑
k=2
k‖Dkf (0)‖
k! (2.9)
for z ∈ B \ {0} and ‖x‖ = 1 with Re〈x, z〉 = 0. By Corollary 2 for c =∑+∞k=2 k‖Dkf (0)‖k! , we
conclude that f ∈ K(B). 
Remark 5. Setting X = Cn in Theorem 3, we may obtain in Theorem 2.1 [16]. Our proof
is more simple than theirs.
In fact, according to the proof of Theorem 3, we have proved the following result.
Corollary 4. Suppose that f :B → X is a holomorphic mapping with
f (z) = z+
+∞∑
k=2
1
k!D
kf (0)
(
zk
)
and
∑∞
k=2
k‖Dkf (0)‖
k! < 1. If for any x ∈ X with ‖x‖ = 1 and z ∈ B \ {0} such that
Re〈x, z〉 = 0, we have
∥∥D2f (z)(x, x)∥∥ 1 − ∞∑
k=2
k
k!
∥∥Dkf (0)∥∥,
then f ∈ K(B).
Example 2. Let A be a symmetric bilinear operator from X×X to X with ‖A‖ 14 . If we
let f (z) = z+A(z, z), then f ∈ K(B).
Proof. Some straightforward computations yield the relations
Df (z) = I + 2A(z, ·), D2f (z)(x, y) = 2A(x,y)
for z ∈ B , x, y ∈ X. It implies
Df (0) = I, D2f (0)(·,·) = 2A(·,·) and Dkf (0) = 0
for k = 3,4, . . . . Hence we obtain
+∞∑ k2‖Dkf (0)‖
k! = 2
∥∥D2f (0)∥∥= 4‖A‖ 1.k=2
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Example 3. Let u ∈ X with ‖u‖ = 1 and 0 < |a| 1/2. Then
f (z) = z+ a〈z,u〉2u ∈ K(B) ⇔ |a| 1/4.
Proof. Let c = 1 − 2|a|. If 0 < |a| 1/4, then we have 1/2 c < 1 and 2|a| = 1 − c c.
Short computations yield the relations
Df (z) = I + 2a〈z,u〉〈·, u〉u, D2f (z)(x, x) = 2a〈x,u〉2u. (2.10)
It implies∥∥Df (z)− I∥∥ 2|a|‖z‖ < 2|a| c, ∥∥D2f (z)(x, x)∥∥ 2|a| = 1 − c
for all x ∈ X with ‖x‖ = 1 and z ∈ B such that Re〈x, z〉 = 0.
By Corollary 2, we conclude that f is a biholomorphic convex mapping on B .
Conversely, we shall prove that 0 < |a| 1/4 when f is a biholomorphic convex map-
ping on B .
If not, then |a| > 1/4. Let θ = arga, x = ie−iθ u and z0 = −re−iθ u for 14|a| < r < 1,
where u ∈ X with ‖u‖ = 1. Then ‖x‖ = 1, z0 ∈ B \ {0} and Re〈x, z0〉 = Re{−ir} = 0.
Some straightforward computations from (2.10) yield the relations
Df (z0)
−1 = I + 2|a|r
1 − 2|a|r 〈·, u〉u, D
2f (z0)(x, x) = −2|a|e−iθu,
Df (z0)
−1D2f (z0)(x, x) = − 2|a|e
−iθ
1 − 2|a|r u.
Hence we obtain
‖x‖2 − Re〈Df (z0)−1D2f (z0)(x, x), z0〉= 1 − 4|a|r1 − 2|a|r < 0.
This contradicts (2.1). This completes the proof. 
Lemma 3. Suppose that w :Br → X is a holomorphic mapping with w(z) =∑+∞k=m 1k! ×
Dkw(0)(zk). If there exists z0 ∈ Br \ {0} such that∥∥w(z0)∥∥= max‖z‖‖z0‖<r
∥∥w(z)∥∥,
where Br = {z ∈ X: ‖z‖ < r}, then there exists a real number t m such that〈
Dw(z0)(z0),w(z0)
〉= t∥∥w(z0)∥∥2.
Proof. Let ψ(ξ) = 〈w( ξ‖z0‖z0),w(z0)〉, ξ ∈ C and |ξ | < r , then ψ(ξ) =
∑∞
k=m akξk is an
analytic function in the disc U = {ξ ∈ C: |ξ | < r}, and ψ(‖z0‖) = ‖w(z0)‖2,∣∣ψ(‖z0‖)∣∣= max|ξ |‖z0‖
∣∣ψ(ξ)∣∣.
By Lemma A in [14], there exists a real number t m such that
‖z0‖ψ ′
(‖z0‖)= tψ(‖z0‖).
508 Y.-C. Zhu, M.-S. Liu / J. Math. Anal. Appl. 322 (2006) 495–511Since ψ ′(‖z0‖) = 〈Dw(z0)( z0‖z0‖ ),w(z0)〉, then 〈Dw(z0)(z0),w(z0)〉 = t‖w(z0)‖2, and
the proof is complete. 
Remark 6. Setting X = Cn in Lemma 3, we get Lemma 1.1 in [11].
Theorem 4. Suppose that λ ∈ C and M satisfy 0 <M M(λ,m), where
M(λ,m) =
{ |λ+m|
|λ+m|+|λ|+1 , if Reλ > −m,
| Imλ|
|λ|+| Imλ|+1 , if Reλ−m and Imλ = 0.
(2.11)
If f ∈ Nm(B) satisfies∥∥‖z‖2D2f (z)(b, ·)+ λ〈b, z〉[Df (z)− I ]∥∥M‖z‖2 (2.12)
for any z ∈ B \ {0} and b ∈ X with ‖b‖ = 1, then f ∈ Km(B).
Proof. Let u ∈ B \ {0} and fix it, we set w(z) = Df (z)(u)−u, then w(z) is a holomorphic
mapping on B with
w(z) =
+∞∑
k=m+1
k
k!D
kf (0)
(
zk−1, u
)
.
In the following, we shall prove that ‖w(z)‖ 1−M|λ|+1‖u‖ for any z ∈ B .
If not, then there exists z0 ∈ B \ {0} such that
max
‖z‖‖z0‖
∥∥w(z)∥∥= ∥∥w(z0)∥∥= 1 −M|λ| + 1‖u‖.
By Lemma 3, there exists a real number t m such that〈
Dw(z0)(z0),w(z0)
〉= t∥∥w(z0)∥∥2. (2.13)
Setting b = z0‖z0‖ in (2.12), we have∥∥D2f (z0)(z0, u)+ λ[Df (z0)(u)− u]∥∥M‖z0‖‖u‖. (2.14)
Notice that Dw(z0)(z0) = D2f (z0)(z0, u) and w(z0) = Df (z0)(u) − u, from (2.13)
and (2.14), we obtain
|λ+ t |∥∥w(z0)∥∥2  ∣∣〈Dw(z0)(z0)+ λw(z0),w(z0)〉∣∣M∥∥w(z0)∥∥‖z0‖‖u‖.
Hence we have |λ+ t | · 1−M|λ|+1‖u‖ = |λ+ t | · ‖w(z0)‖M‖z0‖‖u‖ <M‖u‖. It implies
M >
|λ+ t |
|λ+ t | + |λ| + 1 . (2.15)
Now we split into two cases to prove that M >M(λ,m), where M(λ,m) is defined by
(2.11).
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|λ+ t | =
√
(Reλ+ t)2 + (Imλ)2 
√
(Reλ+m)2 + (Imλ)2 = |λ+m|.
From (2.15), we obtain
M >
|λ+ t |
|λ+ t | + |λ| + 1 
|λ+m|
|λ+m| + |λ| + 1 = M(λ,m).
Case 2. If Reλ−m and Imλ = 0, then we have
|λ+ t | =
√
(Reλ+ t)2 + (Imλ)2  | Imλ|.
From (2.15), we obtain
M >
|λ+ t |
|λ| + 1 + |λ+ t | 
| Imλ|
|λ| + | Imλ| + 1 = M(λ,m).
From Cases 1 and 2, we have proved that M >M(λ,m), which contradicts the hypoth-
esis of Theorem 4. Hence ‖Df (z)(u) − u‖  1−M|λ|+1‖u‖ for 0 < ‖u‖  1 and z ∈ B , that
is,
∥∥Df (z)− I∥∥ 1 −M|λ| + 1 < 1
for z ∈ B .
By Schwarz’s lemma, we obtain that ‖Df (z)− I‖ 1−M|λ|+1‖z‖ for z ∈ B .
On the other hand, it follows from (2.12) that
∥∥D2f (z)(b, b)∥∥ ∥∥∥∥D2f (z)(b, ·)+ λ〈b, z〉‖z‖2
[
Df (z)− I ]∥∥∥∥+
∥∥∥∥λ〈b, z〉‖z‖2
[
Df (z)− I ]∥∥∥∥
M + |λ| |〈b, z〉|‖z‖2
1 −M
|λ| + 1‖z‖ 1 −
1 −M
|λ| + 1
for any b ∈ X with ‖b‖ = 1 and z ∈ B \ {0}.
By Corollary 2 (c = 1−M|λ|+1 ), we obtain that f ∈ K(B), and the proof is complete. 
Remark 7. Setting m = 1, X = Cn, B = Bn2 = {z = (z1, z2, . . . , zn):
∑n
k=1 |zk|2 < 1} in
Theorem 4, we get Theorem 5 in [12].
Example 4. Suppose that A is a bounded symmetric (m + 1)-linear operator from X ×
X × · · · × X to X with ‖A‖  M(λ,m)
(m+1)(m+|λ|) , where M(λ,m) is defined by (2.11). Let
f (z) = z +A(zm+1). Then f ∈ Km(B).
Proof. Some direct computations yield the relations
Df (z) = I + (m+ 1)A(zm, ·), D2f (z)(b, ·) = (m+ 1)mA(zm−1, b, ·)
for z ∈ B and b ∈ X. This implies that
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= ∥∥(m+ 1)A(zm−1,m‖z‖2b + λ〈b, z〉z, ·)∥∥
 (m+ 1)‖A‖‖z‖m−1∥∥m‖z‖2b + λ〈b, z〉z∥∥
 (m+ 1)(m+ |λ|)‖A‖‖z‖2 M(λ,m)‖z‖2
for all z ∈ B and all b ∈ X with ‖b‖ = 1. Hence by Theorem 4, we obtain that f ∈ Km(B).
In particular, if we let
A(z1, z2, . . . , zm+1) = a〈z1, u〉〈z2, u〉 · · · 〈zm+1, u〉v,
where u,v ∈ X with ‖u‖ = ‖v‖ = 1 and a ∈ C, then A is a bounded symmetric (m + 1)-
linear operator from X ×X × · · · ×X to X with ‖A‖ = |a|. If
f (z) = z+ a[〈z,u〉]m+1v
and |a| M(λ,m)
(m+1)(m+|λ|) , where M(λ,m) is defined by (2.11), then f ∈ Km(B). 
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